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This paper pertains to the steady condensation on to, or evaporation from, a
liquid droplet suspended in a mixture of its vapour and an inert gas. The treat-
ment is from a kinetic theory viewpoint. The Maxwell moment method is used
with Lees’ two stream Maxwellian representations for the distribution funetions,
to obtain a closed form result valid through the whole range from free molecule to
continuum. In the diffusion control limit the formula reduces to approximate
results obtained by Maxwell, Fuchs and others. In the limit where no inert gas is
present the formula reduces to a result obtained earlier by the author. The formu-
lae presented here for the mass and energy flux can now be used to calculate
the growth rate of very small droplets, under a wide range of conditions.

1. Introduction

The growth or dimunition of liquid droplets, by condensation and evaporation
respectively, is of great importance in various areas of technology. The per-
formance of supersonic nozzles, the erosion of steam turbine buckets, the effi-
ciency of vapour-droplet separators all depend to various degrees on droplet sizes.
The phenomenon is also of importance in droplet combustion, and liquid metal
vapour power cycles. In all of these cases knowledge of droplet size and growth
rate are of considerable importance.

The phenomenon of condensation droplet growth is a transient one. The
moving boundary and the changing droplet temperature pose hard mathematical
problems. In order to reduce the difficulty one can attempt to solve the problem
by a quasi-steady approach, i.e. solve the problem of steady condensation and
then use this solution for the transient problem in a quasi-steady manner. In
this paper we consider only steady condensation and evaporation.

Let a droplet of liquid of radius 7, (figure 1), at a temperature 7, be surrounded
by a mixture of its vapour (subscript A) and an inert gas (subscript B). Far from
the droplet, let the partial pressures of the vapour and inert gas (called gas from
now on) be p 4, and pg, respectively. Let the temperature far away be 7. The
saturation vapour pressure of the liquid, corresponding to a temperature 7}, and
radius 7y, is p¥. The problem is to calculate the evaporation or condensation rate
when the ambient temperature and vapour pressure are not equal to the droplet
temperature and the corresponding vapour pressure.

Maxwell (1877) was the first to attempt a solution to this problem. He assumed
that diffusion was the controlling mechanism, i.e. the amount of vapour
evaporated or condensed depended only on its ability to diffuse outward or
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inward. Then, if T, is the total mass of vapour crossing the spherical surface

of radius 7,
T, =4mrm, = —47”'21143%, (1)

where D, is the diffusion coefficient and 7, is the mass flux. Maxwell now
assumed that p,, the vapour density, took the value p¥, corresponding to satura-
tion, at the droplet surface. Then

Ty = Tyo = 4170 Dy p(PF — Pawo)- (2)
Among many things neglected in this analysis was the mean motion of the gas
and vapour. If the vapour diffuses in one direction, the gas has to diffuse in the
other direction to keep the pressure approximately constant. But, since there
can be no net flow of the inert gas, there must be a mean motion to counteract
the diffusion. Stefan (1881) took this into account and showed that

Prt+Paw

2(pAoo +me)] ’ (3)
The correction term is not significant if the vapour partial pressure is small.

Ly = 41Dy 5T — Paw) [1 +

Vapour+Inert gas
PACJO’ TCD PBOO! TCD

Ficure 1. The geometry used for the continuum analyses.

The assumption that the vapour pressure at the droplet surface is equal to p}
is in general a poor one. The non-equilibrium processes oceurring close to the
surface cause rapid changes to occur in the vapour concentration. This was
pointed out first by Langmuir (1915), and Schéfer (1932) and Fuchs (1934)
attempted to take this effect into account. They assumed (figure 1) that diffusion
was rate controlling up to a distance A (of the order of the mean free path) from
the surface, but that within this distance the transport was governed by free
molecular kinetics. At » = r,+A let the vapour concentration be p,; which is
initially unknown. Then from Fick’s law (with p ., = 0)

Ly .
4mrD,y’ (4)
and at r = rg+ A Iy =471D,5(ro +A) py;- (5)

Pa=
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But from elementary kinetic theory, the mass flux from the droplet is given by
% PE(R 4 T;)t/2m and the flux to the droplet is given by a,p (R, T} 27,
where ¢, is the sticking or mass accommodation coefficient. Therefore if 7'y, ~ 77,
the net rate of vapour mass flow from the droplet is

R, Ty)t
I, = dmrdar, T g . (6)
Between (5) and (6) the unknown p 4, can be eliminated to give the evaporation
rate T
_ A0
La= A DAB( 27 );2 ' ™
1— +
ro+ A roa, \R, T

Now the distance A is normally taken to be some multiple a of the mean free
path ! at the droplet surface, i.e. A = al.

There are two major unsatisfactory features in the above mentioned analyses.
First, they are based on the assumption that diffusion is the rate controlling
mechanism. Now, when the density of the inert gas is low, diffusion will give way
to kinetic control. Diffusion based continuum theories cannot describe this
transition to the limit where no inert gas is present. The second unsatisfactory
feature is the ad koc introduction of kinetic effects by a mean free path approach.
Not only is the multiple o in the definition of A unknown, but the mean free path !
at liquid surface is itself not a clearly defined quantity.

The limitations of the continuum analyses originate from one basic fact. The
evaporation-condensation problem is not properly posed in a continuum formu-
lation. The boundary conditions at the liquid surface cannot be specified in terms
of continuum thermodynamic variables. In fact, the problem is really a two-
point boundary-value problem for the molecular velocity distribution funetions,
where the complete distribution functions are known at infinity and half the
distribution functions are known at the liquid surface.

The purpose of the present analysis is to obtain, from a kinetic theory formula-
tion, a solution valid through the range from free molecule to continuum and
capable of describing the transition from pure diffusion to pure kinetic control.
This will be done by solving the Boltzmann equations approximately for the
distribution functions f, by the Maxwell moment method, as developed by Lees
(1959, 1965), This technique, in spite of its recognized limitations, offers the
most tractable approach to a problem of this degree of complexity.

Before passing on to the present formulation, we note that Monchick & Reiss
(1954) attempted a kinetic theory treatment of the problem. However, they used
the Chapman-Enskog theory which is quite unsuitable for boundary-value
problems of this type. Also, the Chapman—Enskog expansion is really in inverse
powers of the density. Thus it will always fail to give the free molecule or nearly

free molecule solution. The result of Monchick & Reiss suffers from precisely
this defect.
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2. A kinetic theory formulation
2.1. The governing equations and boundary conditions

The knowledge of the molecular velocity distribution function f,(r,, t) consti-
tutes the most complete knowledge of the state of a gas, above the individual
molecular level. If we know the distribution function f,, all the macroscopic
quantities such as density, velocity, pressure, etc., can be obtained as moments
of f.:
px.0) = [0,1,, (s0)

u,(r,f) = f m,E, 1, dE,, (8)

etc. Here E is the molecular velocity vector, m is the molecular mass and the
subscript v refers to the particular species (no sum over »). In this particular
case v takes the values 4 and B, where A4 refers to the condensable vapour and
B to the inert gas. The problem then is to solve for f, and fz which satisfy the
Boltzmann equations

E.Vf, = (if”) , v=4,B. (9
ot Coll.

where we have left out the time dependence, since we are considering the steady

case. (&f,[0t)con. are the collision integrals.

We shall consider the boundary conditions in some detail. Far from the droplet
the gas and vapour pressures g, and p ., are known; also, the temperature T,
is the same for both vapour and gas and is known.

From the equation of state the two number densities n, are also known. Hence
the boundary conditions for » - oo may be written

B e "’B%B"”} (10)

7,—-T,, Ty—T,,

The situation at the surface of the droplet is somewhat more complicated.
One obvious boundary condition is that the net mass flux of inert gas must be
Zero

e = 1) = [y f5 5 = 0. (1)

We now assume that the inert gas molecules striking the liquid are absorbed
by it, and are then diffusely re-emitted with a Maxwellian distribution corre-
sponding to the temperature 7%, of the liquid

_ " f &
fe= 27TRBTL]%6XP: 2RBTL} for £, >0, (12)

Note that np, the number density of the re-emitted molecules is not known in
advance.

As for the vapour, we now have to introduce the mass accommodation or
sticking coefficient «,, and the thermal accommodation coefficient a,. These
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coefficients just manifest our uncertainty as to the physics of the actual molecular
processes occurring at the surface. They are defined as follows:

mAi — mAR
— Mai "M 4R 1
tm S e iy (134)
’ ’
oy = Jai7d4R (13b)
Q4:—94L

where 7 refers to the incident stream, R to the net receding stream and L to the
stream of molecules from the liquid. ¢s; are the energy fluxes. Thus, when the
receding stream of molecules is composed only of the stream emitted from the
liquid and contains no molecules reflected from the incident beam, both «,, and
ap =1, ie. for diffuse re-emission the accommodation coefficients are unity.
Now we shall assume that the liquid emits vapour molecules in a Maxwellian
distribution corresponding to the liquid temperature 77 and number density
corresponding to the saturation value at 7 and radius r,, i.e.

£

f — ,_i_. ex - =
AL = 97R, T, *P\ T 2R, T,

} for £, >0. (14)

Note that this constitutes two boundary conditions, since the number density
and temperature are specified. It is true that »} is a function of 77, and the
radius r, through the saturation vapour pressure-temperature relationship (the
Clausius—Clapeyron equation modified by the Kelvin correction). But, as far as
the vapour is concerned, the liquid is a black box which specifies two quantities
ny and Ty,

In summary, we have four boundary conditions (10) at infinity, two boundary
conditions (11) and (12) at r = r, for the inert gas, and two boundary conditions
(14) modified or complicated by (13) for the vapour at r = r,. In the case of
diffuse re-emission (¢ = a,, = 1) the molecules from the liquid surface are made
up entirely of the molecules emitted by it

falr=19) =far for £, >0. (15)

2.2. The Maxwell moment method

In §2.1 we noted that a solution to the problem necessitated the solutions of the
Boltzmann equations (9) for the distribution functions f, and f5. However, we
are not particularly interested in distribution functions themselves. The gross
macroscopic quantities such as mass flux and heat flux are our main concern.
We shall therefore not attempt to solve (9) directly, but we shall solve the
transport equation for the lower moments. In so doing we shall be satisfying (9)
in some average sense. Multiplying (9) by some function @(£,;) of the molecular
velocity components, and integrating over the velocity space,

f Q). Vf, dE, = f Q&) (o, t)con. B, (16)
or fQ(gvz) Ev'vadgv = AQ: (17)
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where AQ is the change in @ due to collisions. This is the basic transport equation
due to Maxwell. For a pure gas, setting @ = m, m&; and {mé? leads to the equations
of congervation of mass, momentum and energy (AQ = 0).

For details of the present method due to Lees (1959, 1965) we refer to the
original papers. In brief, the procedure is as follows:

(i) Represent the distribution function f by a number of unknown functions.

(ii) Take as many moments (17) as necessary to determine the unknown
functions.

(iii) Satisfy the boundary conditions.

In choosing the form of the distribution function and the arbitrary functions
one is guided by the following requirements:

(i) Tt should have the two-sided character essential to rarified flows.

(ii) Its form must be such that the boundary conditions are easily satisfied.

(i) Tt should be capable of providing a smooth transition from rarified flow
to the Navier—Stokes limit.

Lees’s two-stream Maxwellian is admirably suited for most purposes involving
simple geometries.

2.3. Moment formulation of the droplet problem

For a spherically symmetric geometry (refer to figure 2a,b) the transport
equation (17) takes the form,

o [rne, Qa8+ :ggff,amdz,
s [rleaa s (ge-tot) i

cos f

(50 Ert S 8atn) S| = 00, v = 4B 1)

We shall assume both species to be Maxwell molecules, i.e. ones that have an
inverse fifth power law of force between the molecules. This permits us to evaluate
AQ without knowing the form of f. Since we have two species,

AQ = (AQ) 4, +(AQ) ,5 for molecules A,}
AQ = (AQ)pp+ (AQ) 5 for molecules B.

That is, the change in @ is due to collisions with the same species plus that
due to collisions with the other. For Maxwell particles it can be shown (Jeans
1954; Lees 1959) that

(AQ)VV = O fOI' Q = mv’ mv gvi: %mv gga
(AQ)LV = pV/IU/V 'pvjk for Q =m, gvj gvk’ (20)
(AQ v1 (pL/IU/V)[ .qu'+ kzpvjkuvk] fOI' Q = %7)7’» gv;i g:"z

(19)

The collision integrals for the gas mixture yield complicated (AQ) 5. They
have been derived by Kolodner (1957), Weinstein (1965) and others. The details
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Ficure 2. (a) Geometry for the two stream Maxwellian representation.
(b) The veloeity space at the point P(r, 8, ¢).

for the present calculation are given in a report by the author (Shankar 1969);
we shall not present them here.

The two distribution functions f, will be assumed to be two stream Maxwellians
(refer to figures 2a,b) of the following form:

_ nvl(r) gf :
In = Gk, T "XP{' RVTvlm} (1)
S, §) = (21)
f =_"v2_(’ldgexpi_*gi__} in (2)
Y [27TRV1112(7‘) 2 ZRvﬂzz(T) )

We therefore have eight unknown functions =n,;, n,,, T,; and 7,,, all of which
are functions of r only. This form permits us to have a cone of influence which
is essential for free molecular flow.



392 P. N. Shankar

With such a choice for f,(r, £) it is easy to show that the mass density of v at r
is given by

- f my £,(r, ) dE = Y, [my(r) (1 —2) + myr) (1 4], (22)
where x = ( —g)%. (23)

All other quantities such as radial velocity, heat flux, pressure, etc., can also
be evaluated in terms of the unknown functions n,;, n,., 7,; and 7,.

Having defined each distribution function by four unknown functions it is
necessary to use four moment equations for each f,; the three conservation
equations plus one higher moment each. Now the choice of the higher moment
is in a sense arbitrary and the solution will, at least numerically, be dependent
on the particular choice. Experience with the heat transfer problem (Lees 1965),
which bears considerable similarity to the condensation problem, leads us to
choose the moment corresponding to radial heat flux. Setting @ = m,, m, &,,, m, 1£2
and m, £, 1£2 respectively, (18) yields the following eight moment equatlons

L) =0 (24a)
dv, d 1
p”v"dirv—(_i; vrr_;(?"Pvrr'—‘Pp Pyy) = (AQ) ass» (24b)
d
Elr [Tz(qu + %‘pvvv v, vrr + %pv ] - (AQ)A B> (246)

:Z;J vam gurzgzdg - me gv&"'g ) E

ﬁ” [— 20+ 0,0, ]+ (AQ) 4. (24d)

These equations can now be rewritten as equations for the eight unknown
functions.

The boundary conditions (10), (11) and (14) can also be quite simply written,
as boundary conditions on 70;, Tl,, #,; and n,,. Thus we have eight non-linear
first-order equations and eight boundary conditions for the unknowns 7T,
T, 1, and n,,.

3. A perturbation solution

Our main interest here is to calculate the vapourization rate for departures from
equilibrium that are not too large. It is then natural to seek a perturbation
solution about the equilibrium state. We first write the functions defining
[.(r, &) in perturbation series of the form,

My (1) = Myeo[ 1+ Ny(r) +-..], (250)
Tr) =T [ +t,(r)+...], (25b)
Nyg(r) = N[ L+ Npp(r) +...], (25¢)
Taolr) = To[1 +1,9(r) +...]. (25d)
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N, t,1, N,y and ¢, are the dimensionless first-order perturbation quantities to be
calculated. It is convenient to introduce the following notation:

‘ZVV+ = val(r) +‘2Vv2.(r)9 va— - vl(r) sz(r)’}
tu+ = tvl(r) +tv2(r)’ tV— = tvl(r) “tl’Z(T)‘

In terms of these variables the dynamic and thermodynamic gross quantities
are to first order

(26)

p) = pyel1 41 < b)) (270)
o) = PEZEN N gt )4 (270)
L) = T+ K — oty )+ ] (270)

1) = D[ 1+ 5Ny — 2N+t —at, ) +...], (27d)

a,r) =2 P L= e 4wy, (27¢)

where 8, = (2nR,T,,)t. We note that the radial velocity v,, and the radial heat
flux g,, have only first-order components, i.e. they vanish at equilibrium, as they
should. Substituting the forms (27) into the moment equations (24) we obtain
after some simplification the following eight linearized moment equations:

Ny +it, =F, (280)
Np_+1itg_ =G (=0), (280)

d d n roBa ) 1
— . —_]_"Bo  ‘0F4\170
7o W ttay) =23 (N tt,) {%MBOO ,,DAB} B, (299)

40

d s d
dr {<NA++t4+)+”B°°(NB++tB+)}‘ dr {(NA_HA )+ = (Np_+i5 )} =0

(29b)
d 37 n ol
@ 3 =2 _ "Bo = 'oM4 —
I {NA—+ ztA—} M, {nAw_'_an ﬂDAB}Ts{(tB+ why )= (bgy— 2ty )}
(30a)
(Nt 8a0) 422208 (431, ) = const, (308)

Aol 4

d d
o (N +2t4,]—-2° I [Ny +2t,]

PaxTo )70 Npw Baro 7o
= 7, —2N
15 (ﬂA/I’Aw) [Tt =2Ne 73 15 {nAoo +7Mpe ”DAB} r?

x[—6F2+MB(5—@F1+ 12F2)+M%(—107~n—4F1+87—n4 ﬂ—BG2—8F2)
mg Mg Mmp Pa

+ A

+4,

: 8My F,+ M3, (10 F—Sm“‘ﬂBG2+8F)}], (31a)
Mp Pa
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2 (pBoo
15 Brlpe

2 " 4w ToPu }70[5 Bz
it S hidy 1208, -1
* 5 {nBao + 140 Dy p) 7? 1= 66, + M, |12 Ba Ga— 108,

+ MY (10F1+8m—BF2—— bz g ) +A—{MA( §lrq 10F1>
my B Ba

+M% (IOF -8 BF+8§§G)}], (310)

where F}, G are constants proportional to the radial velocities and

d d .
% [NB+ + 2tB+] —a8 E;‘ [NB— + ZtB_] = — ) [7tB— 2LVB_]

F,=Ny +3t,, Gy=Ng +3ts,

m m
—A’ MB=4B-
my+mg my+mpg

M, =
A, and A, are constants from the collision integral and D, 5 is the binary diffusion
coefficient defined (Jeans 1954) by

kT, (mA+mB>% 1
mmpA, K, 5 N+ Mg

Dyp = (32)

Note that (28a,b) state that the mass flux of each species is inversely pro-
portional to the square of the radius, Since the inert gas has no velocity at the
surface of the sphere, (; must be zero. This fact has been used in simplifying
the collision terms. Equations (29a, b) are the mass diffusion equations, (30a, b)
the energy conservation equations, and (31a, b) the heat flux moment equations.

The eight equations (28)—(31) can be solved for the eight functions. However,
it is possible to make an assumption that leads to great simplification with,
probably, little loss in detail. Let us assume that the two species have the same
mean temperature at any point, i.e.

T(r) = Tg(r), (33a)

or (g —xty ) = (tp—tp ). (330)

This is obviously valid in the continuum limit. In the free molecule limit the
temperatures are exactly equal when the accommodation coefficients are unity.
We therefore expect (33a) to be a good assumption. It is possible now to drop
one moment equation, the last one, (315). In so doing the dependence of the flow
quantities on 2pg./fpipw., the mean free path of the inert gas based on its
partial density, will be lost. This dependence is however weak in the problem of
evaporation and condensation, where diffusion and vapour kinetic control are
the dominant factors. In any case, we assume (33) and drop the last moment
equation, (314). Now, F, and (G, are constants and the system of equations is
readily integrated to give

N, =3F—-3%F, t, =F-F, (34a,b)
Ny = —1G,, ty =G, (34c,d)
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7
tae =L~ Hy) Fy+ L Fy + L,Gy) + (I~ Hy), (34¢)
r ni
Nyy = }9 [(2H,— L) I\ - L F,—1,G,]+(2H,— 1), (34f)
r3\®
tpr =tast ( —;2) (tp——14-), (349)
N geo
NB+ = 1“77;_ (NA++tA+) —tpe (34k)
where
2P _ To g _ M
Battao la’ ~+ mp

_ _"Bw _ ToBa

8 Myt Npe DR’

2 r 2 4
O I
8 1y 2 ) 4, Ay 1re
2,_1_5E:—BH:,(—G—(—12JlIB—8MzB—8A1JIB+SEIMB),
I, =18 H LM% (1 —é),
A4,

Note that we have six constants of integration, F,, F,, G, H,, H, and J,. The
constant (; was set equal to zero earlier as it is proportional to the gas mass
flux. In setting 7', = T, we lost another constant and also one of the temperature
conditions at infinity.

Now the boundary conditions at infinity (10) imply that, for r—+c0;

ta—>0, N0, Ngy->0. (35a,b,¢)
The condition (12) on the inert gas implies that

T,—T, AT
tBl = T = T

at r=r,. (36)
The boundary conditions (14) subject to the accommodation coefficient restric-
tions (13) yield at » = r,
Ny + 341 = (1—ap) (Mo + 3 4) + @ (N +31), (37a)
Nas+ 34 = (1—oy) (Nao+ 3 49) + ap(Np + $1). (37b)

The six constants can, now, be evaluated from the solutions (34) and the boundary
conditions (35), (36) and (37).
QOur chief interest is in the vapour mass flux which is given to first order by

. o @2rR T
mAszvA=pAw§—frF1=pi~(2ﬂ#ﬁl. (38)
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Some algebraic manipulations lead to the result,

A 1 AT
“m[{l +3apay B+ (by— darbs+ Fopb,) RAB}I% —o ]
1 [l+e B +eRyptes By R, p+e,RE 5] ? (39)

where

Ap =pF—p4e, AT =T,-T,,

7, n roff
R — 0 R — Bw 0’4
A= BT e e D
dlz—%, a2:T85’
oo 25 Mma o (ma)_mE L, Ma™n
! 5[ my+mpg mg/ My +mg (m+mp)’

- 2
bzz—g[—ﬁﬂz—mL—s‘iz My _g__™Mp (1-‘4—2)],

5 my+my  Aym o +mg  (my+mp)?
b _ _16m(m, mp)} I—A—2
P b (my+mp)? 4,)°

- 2
ex = $a, + 5y,
_ _1 1 1 1
€y = — 10y by+darby+Fo,, + (1 — o, — jag) by,
1
€3 = 70y Xy,

ey = 30,,(2b3 —apby+arby).

4, Discussion

The result (39) gives the dependence of the evaporation rate on the pressure
difference (pf —p4.,) and the temperature difference (7p—7T,). Similar ex-
pressions exist for the energy fluxes, which are proportional to F, and G, re-
spectively. We note that two dimensionless inverse Knudsen numbers B, and
R ,;; enter the result. B, is the ratio of the droplet radius to the mean free path
of the vapour in the absence of the inert gas; R,z is proportional to the ratio of
the droplet radius to the diffusion coefficient divided by the sound speed in the
vapour alone. From elementary kinetic theory, when the two species are of the
same mass and size, the common mean free path 7 will be proportional to the
ratio of the diffusion coefficient divided by the sound speed. In such a case only
will R, ; be inversely proportional to the mean free path. We shall now consider
various limiting cases.

The free molecule limit corresponds to the case where the two Knudsen
numbers tend to infinity or B,—0, R 5—>0. The formula for the mass flux
then reduces to P Ap 1 AT]

Ma=%mionR T,k [5;“5 T

This is precisely the linearized form of the effusion based Hertz—Knudsen
formula. In the free molecule limit the inert gas cannot affect the transport of
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the vapour. This would be true for ‘very small’ droplets irrespective of the
ambient conditions.

When no inert gas is present, we can set ny, = 0. Since this implies that
R, = 0, the result (39) for F) reduces to

4 ro ) Ap 1 AT
1+ — g0V =28~ ==
F —am[{ +15aTleo}_pAco 2 T]_

-
-
|1+ Gt Ay |

An

This is the kinetic controlled limit; diffusion is nonexistent and the mass flux
depends on the Knudsen number of the vapour alone. This formula agrees with
the result obtained earlier by the author (Shankar 1968). In the continuum
limit we note that the mass flux depends on the pressure difference alone.

The other limiting case is when diffusion is rate controlling. This corresponds
to: Ryp>» 1, R, 5 > R, and the formula for F| takes the form,

F = (2/RAB) (Ap/pAeo)
1 2 (e, e )
A0
[ RBypley e
The net evaporation rate in this limit is given by

(2mR,T,)t
2

Ly =4mrgp 400 F

*_
imropa-Dan1472) (%22
- [1 gﬁ@{me_a _m}]

ToBales €1l

In the continuum limit when D,p/r,f, <€ 1 the formula reduces to Maxwell’s
result modified by the hydrodynamic flow correction (1+n ,./7g.).

Now Fuchs’ results (7) applies to the case when p ., = 0 or I, = co. This
result can be rewritten in the form,

1 £ D e
F, (Fuchs) = a0y prApA ,
1 I ¥ £ o0
[ * ToP To+0‘l]

where we have set A = «l, where [ is the mean free path and « is a constant. It is
clear that Fuchs’ result is of the right form, but, since e,/e, is a complicated
function of the mass ratios and the accommodation coefficients, detailed com-
parison is not possible in general. The numerical calculations presented next
show that for the cases considered. Fuchs’ result is excellent with « set equal
to zero.

The theory developed here is strictly valid only for monatomic Maxwell
molecules. However, the calculation should have a wider range of applicability,
since (i) the intermolecular potential is of no importance in the free molecule
limit, and (ii) in the continuum limit the form of the potential will affect only the
gas properties. The restriction to monatomic gases is not a serious one, since
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vibrational and rotational exchanges will be unimportant at moderate tempera-
tures. Bearing these remarks in mind, we present some calculations made for
the practically useful case of water vapour-air mixtures at temperatures of 20 °C
and 150 °C. The total pressure was assumed to be atmospheric in each case and
the molecular mass ratio was taken to be 18/29 = 0-62. Then writing the vapour
mass flux in the form,
2, = Pax [ AP o AT
4= (27R 4 T:) [O] p ¢ '

Figure 3 shows the variation of the coefficient C}, of the pressure difference,

with the droplet radius for the T}, = 20 °C case. It is clear that Maxwell’s result
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Fiaure 3. The dependence of the coefficient C; of the pressure difference on the droplet
radius. The calculations are for a water vapour-air mixture, 7, = 20 °C, ps, = 0,
ap = o, = 1, Dap = 0-25 em?[sec, ga, = 97 x 1075 gm/em sec. —-—, Maxwell; —- .+ . —
Fuchs; ——, moment calculation.

>

is valid for droplets greater than 2 x. Fuchs’s formula shows excellent agreement
with the present calculation when the unknown factor « is set equal to zero (we
have taken the mean free path to be = 2mD,/8,). Droplets of radius 2 x 10-3 4
are within 1 9 of the free molecule limit.

Figures 4a,b show the dependence of the coefficients C; and C, on the droplet
radius and on the pressure ratio p 4./p. The wide scope of the present calculation
is clearly illustrated here: the free molecule limit, the continuum limit, the
diffusion control limit and the kinetic control limit are all obtained from one
formula. Once again the Maxwell result is valid for r, > 44, and Fuchs’ result
is excellent with o set equal to zero. One particularly interesting feature is the
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F1cURE 4. (a) The dependence of the coefficient C; on the droplet radius and the pressure
ratio, P4ao/Pw- The calculations are for a steam—air mixture. T, = 150°C, ar = a,, = 1,
Dgp = 0-361 cm?/sec, pa, = 1-54 x 10~¢ gm/emsec. —-—, Maxwell; —- - - —, Fuchs, ¢ = 0;
, moment calculation. (b) The dependence of the coefficient Cy on the droplet radius
and the pressure ratio P4, /P.. The steam—air conditions are the same as for (a).
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considerable effect of a small quantity of inert gas. With just 2 9, inert gas,
diffusion becomes important for droplets greater than 0-5u. However, in this
case kinetic condensation is of equal importance for droplets of the order of
10-50p.

The formulae obtained in this paper for the mass and energy fluxes can now
be used to calculate the transient growth of small droplets by a quasi-steady
analysis under a wide variety of conditions. We caution, however, that in view
of all the approximations made in the analysis a quasi-steady calculation may
give only a qualitative description of the actual transient problem.
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